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inaccurate test statistics will lead to inaccurate identification. 
Hence, in this work we describe three ways to test hypotheses 
when constraints are bilinear. Two approaches approximate 
the true statistical distribution and use normal theory. Con- 
sequently, they can be used now. We also give equations to 
obtain estimates of 6’s (step 2) for both approaches. The third 
approach proposes testing hypotheses by using the exact dis- 
tribution. From a search in the statistical literature, we have 
concluded that this distribution has not been developed. Hence, 
we discuss our plans to develop this distribution and use it to 
test hypotheses. Note that optimal test selection is not ad- 
dressed here not only due to the limited space but because it 
can be treated as a general topic independent of the types of 
constraints present. The interested reader may consult Rollins 
(1990) for a hypothesis testing strategy using an optimal test 
selection criteria. 

Rollins and Davis (1992) introduced an approach that can 
obtain unbiased estimators for true values of process variables 
when biased process measurements and leaks exist. They ad- 
dressed linear physical constraints only. The purpose of this 
work is to discuss ways to extend their approach to cases where 
constraints are bilinear. Bilinear terms exist when two meas- 
ured variables (each to the power of 1) are multiplied by each 
other. They are statistically more complex than linear con- 
straints. This complexity is due to product of variables not 
having normal distributions when their individual variables do 
have normal distributions. For simplicity, this approach is 
described in the context of bilnear energy balances; however, 
it is applicable to any kind of bilinear physical constraint such 
as component mass balances. Also, for simplicity, only meas- 
urement biases will be treated although this approach is also 
applicable to process leaks. 

The approach of Rollins and Davis (1992) to determine un- 
biased estimators of process variables consists of the following 
steps: 1. identification of a specific number of unbiased meas- 
urements (6’s=O); 2. estimation of the 6‘s not identified in 
step 1 (These estimates are statistically tested for significance. 
Thus, this step is used to identify nonzero 6’s.); and 3. esti- 
mation of process variables. The success of step 1 allows the 
unbiased estimation of the 6’s in step 2, which allows the 
unbiased estimation of process variables in step 3. The iden- 
tification procedure in step 1 involves the selected testing of 
hypotheses for material or energy balance closure. Thus, there 
are two critical elements to identification: the development of 
accurate and powerful test statistics (that are likely to make 
correct conclusions when 6’s are zero and nonzero) and the 
development of a strategy for optimal hypothesis test selection 
[needed because the ability not to misidentify biased meas- 
urements by hypothesis testing is maximized as the number of 
superfluous hypotheses are minimized (Rollins, 1990)l. We see 
the first element, development of accurate and powerful test 
statistics, as the most critical and the most challenging. We 
take this position because with accurate and powerful tests 
even a poor test selection strategy (for example, one that tests 
a very large number of hypotheses) can identify zero 6’s ac- 
curately. Even with the best test selection strategy, however, 

Correspondence concerning this work should be addressed to D. K .  Rollins. 

Model 
For a chemical process network of streams and nodes (in- 

terconnecting units), the following set of equations can be used 
to describe physical and statistical relationships for measured 
variables in the absence of chemical reactions. 

such that 

(3) 

(4) 

with 
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For a case with several components, each component would 
have an equation like Eq. 1 or 2. In addition note that by Eq. 
7, COV(F, 2') = 0. Equations 3 and 4 represent the true total 
mass and energy balances, respectively. They also indicate that 
process leaks are assumed to be zero (for simplicity) and that 
steady-state conditions apply. Equation 3 is said to be linear 
in flow variables, and Eq. 4 is bilinear because it is a function 
of products of flow and temperature variables. Equation 7 
simply means that errors made in flow and temperature meas- 
urements are unrelated. 

The test statistics and estimators used here will be developed 
from the following transformations of the above equations. 
Let 

r = AF. (8) 

Then, using Eq. 3, the mean and variance of r are given as: 

Var(r)=Er=A-Var(F).AT 

=AE,CAT. (10) 

Thus, 

Additionally, let 

s = A  .Diag(F). T +  Q.  (12) 

Then, from Eq. 4, the E[s] and Var[s] are: 

E[s] = p5 = A .E[Diag(F)] .E[g  + Q 

=A.Diag(E[I;1).(p7+67)+ Q 

Var(s) = C, =A . [&c7+ EF.Diag(p7) .Diag(pT) 

+ E7.Diag(pF) .Diag(p,)] ,AT= A .D.AT. (14) 

Thus, 

where 32 is used to represent a distribution that is a sum of 
terms, and each term is a product of two normal random 
variables. The development for the distribution of r (Eq. 11) 
is the same as the one given by Rollins and Davis (1992) for 
linear constraints. However, the distribution for s is new to 
this work. We now consider three ways of using s to help 
identify and estimate measurement biases. 

Two-Stage Approach 
The first approach that we will introduce consists of two 

steps. In the first step we attempt to obtain unbiased estimates 
for flow variables using the method of Rollins and Davis (1992). 
In the second step, the flow estimates are assumed to be their 
true values, which means that s is assumed to be linear in the 
temperature variables. This approach will be reasonably valid 
as long as the flow estimates are accurate. The accuracy of the 
flow estimates will depend on the variances of the measured 
variables and on the accuracy of the identification and esti- 
mation of 6,. Additionally, as noted by Rollins and Davis 
(1992), it may not always be possible to estimate 6,. The math- 
ematical details of both steps will now be given. 

The first step, obtaining the flow estimator, follows Rollins 
and Davis (1992) very closely except for some notational 
changes and the assumed existence of process leaks. Let r be 
partitioned as follows (although bFI is shown to be a q x  1 
vector, it may be any vector with dimension 5 q), 

=AII6FI 

with hR=0 and the rank (A,,)=q. Now let 

gF, =A,'r, 

and the estimator for p, is: 

jIF==F-iF 

Therefore, if 6 ,  = 0, E[8F] and E[jiF] are given as: 

Hence, if SR= 0 and the rank (All) = q, then 8, is an unbiased 
estimator for 6,. 8, is also a consistent estimator of A,, which 
means as n (the sample size) increases, aF approaches 6,. Thus, 
for a significantly large n, 8, will be close to AF, and thus, j I F  
will be close to pp 

When j I F  is very close to pF and substituted into the energy 
balance constraints, s will statistically behave as its linear in 
temperature constraints. When this substitution is valid: 

From Eq. 22, the E[s] and the Var(s) are computed as follows: 

E[sI= ps =A . Diag(jI,) .E[ TI + Q 
=A.Diag(jIF).[p7+6J +Q 

=A.Diag(jIF).6,+ Q (23) 
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Var(s) = C, =A . Diag(fiF). C T .  [A . Diag(fi,)]' 

Therefore, approximately, 

S - N q ( L ( s ,  Cs) 

Proceeding as in Rollins and Davis (1992), let 

with rank (MI,) = q. Therefore, 

if ijn=0. Now let where 

which gives E[&] = S T ,  if the rank (Mil) = q and BTZ = 0 as be- 
fore. The proposed estimator for p T  in this case is: 

Therefore, if this approach is valid, then the E[fiT] = p T  and 
approximate 100( 1 - or)% simultaneous confidence intervals 
may be obtained following the procedure described by Rollins 
and Davis (1992). Additionally, if Eq. 25 is reasonably ac- 
curate, then Eq. 24 may be used to test hypotheses of the form 
H,: lTpS=O vs. Ha: ITpsZO, where lTps is some linear combi- 
nation of the components of ps. The test statistics to test these 
hypotheses would be similar to those described by Rollins and 
Davis (1992). 

Linearization 
The second approach consists of linearizing the error terms 

by taking a Taylor series expansion about the means. Here, 
all 6's can be simultaneously estimated which should provide 
better accuracy, but this approach will not be valid when bi- 

I linear effects are significantly large. Before linearizing, r and 
swill be rearranged into one vector, u, and described as follows: 

=[:P4][Diag:F).T]+[~]=A[Diag~~.F]+R 

0 Diag(T) 0 Diag(F) 

where b contains the flow and temperature variables modeled 
with bias, and B contains the variables that are modeled as 
being unbiased. Expanding and linearizing u gives: 

U =  AE[B]E[b] + AE[B](b-E[b])+ A(B-E[B])E[b] + R  

= AE[B]b + iBE[b]  - ;iE[B]E[b] + R (31) 

Therefore, 

E[u] = ..k!?[B]E[b] + R 

= P i p B ( P b + 8 b ) + R  

= A d b  (32) 

Equation 32 motivates the following estimator for 6,: 

(35) 

bb2 is assumed to be zero, and the rank (Cll) is assumed to be 
2q. Note that since Eq. 31 is statistically linear in normal 
random variables, normal theory may be used to test hy- 
potheses about E[u]. Specifically, the testing procedures used 
by Rollins and Davis (1992) may be applied with the proper 
substitutions. 

Product of Normals 
The true distribution of s is 32. It is 3t because each term 

s,, an element of s, is the product of a temperature variable 
that is normally distributed and a flow variable that is normally 
distributed. The probability distribution function for the prod- 
uct of two normally distributed random variables was given 
by Craig (1936). In this work, Craig (1936) specifically ad- 
dressed random variables of the following type: z= X / U ~ .  
Y/uy, where .",and 4 are the variances of the random variables 
X and Y,  respectively. Later Aroian (1947) showed that 2 
approaches a normal distribution as X/ux and Y/uy approach 
00. Meeker et al. (1981) prepared tabled values for the distri- 
bution of Z by numerically integrating the probability distri- 
bution function. However, the works of Craig (1936), Aroian 
(1947), and Meeker et al. (1981) do not directly apply to our 
setting which is of the form: 

z = x,x, + x,x, + . . .X*XI + , (36) 

such that 

(37) 
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To develop identification tests that  use the 32 distribution, 
its probability distribution function will need t o  be found and  
applied. W e  are considering two approaches; a likelihood ratio 
test and the method of Buehler (1957) which was originally 
developed for obtaining confidence intervals for the product 
of two binomial parameters. Jobe and David (1992) have suc- 
cessfully extended Buehler’s method t o  obtain upper confi- 
dence bounds in reliability/maintainability problems where the 
distributions are exponential. 

Closing Remarks 
Three approaches presented use bilinear constraints for  gross 

error identification and estimation. Each technique has merits 
and limitations of  its own. The two-stage and linearization 
approaches can be used now. However, we will be conducting 
simulation studies in the near future to  better understand their 
best applications. In contrast, the product of normals approach 
will require distribution and  test statistic development. This 
work is also planned for the near future. 

Notation 
A =  

Al l  = 
A12 = 

A =  
b =  

b, = 
B =  

c =  
CII = 
c12 = 

F =  
I =  
I =  

M =  
M I 1  = 
MI1 = 

n =  
Np = 
N, = 
p =  
4 =  
Q =  

r =  
s =  
T =  

z =  
u =  

q x p  matrix of constants with negative entries for output 
streams and positive entries for input streams 
q x q partitioned matrix of A 
q x (p  - q) partitioned matrix of the remaining elements of A 
2q x 2p matrix consisting of 0’s and A’s 
2qx 1 vector of flow and temperature variables modeled with 
bias 
ith element of b 
2p x 2p matrix of flow and temperature values modeled with- 
out bias 
2q x 2p matrix defined by Eq. 34 
2q x 2q partitioned matrix of C 
2q x (2p - 2q) partitioned matrix of the remaining elements of 
C 
p x 1 random vector of flow measurements 
identity matrix 
vector of zero’s and one’s used for making linear combinations 
of measurements 
q x p  matrix defined by Eq. 26 
q x q partitioned matrix of M 
q x @ - q)  partitioned matrix of the remaining elements of M 
number of samples 
multivariate normal p distribution 
multivariate normal q distribution 
number of measured variables 
number of nodes 
q x 1 vector of known constants representing all other signif- 
icant forms of energy transfer; that is, heat transfer and work; 
other extensive forms of energy transfer are assumed to be 
negligible 
vector defined by Eq. 8 
vector defined by Eq. 12 
p x 1 random vector of temperature measurements 
2 q  x 1 vector consisting of r and s 
random variable with a product of normals distribution 

Greek letters 
hb = 2px 1 vector of biased measurements 

I ,  = 

I , ,  = 

I , ,  = 

Lib = 

IFI = 
bF2 = 

$7 = 
6 ,  = 

671 = 
6 ,  = 

6 b l  = 

&bZ = 

$F = 

6FI = 

i.1 = 

t F  = 
c7  = 

PB = 
P b  = 
t F  = 
P F  = 

P7 = 
Pr = 
Cr = o =  
cF = 
c, = 
c, = 
c, = 

Other 
3 1 =  

31, = 
- =  
f =  

estimate for 6 ,  
2q x 1 vector consisting of the first 2q elements in bb 
estimate for bbl 
(2p - 2 q )  x 1 vector of the remaining elements of 6 ,  
estimate for 6,, 
p x 1 vector of flow measurements 
estimate for bF 
q x 1 vector consisting of the first q elements in hF 
estimate for bFI 
@- q )  x 1 vector of the remaining elements of 15~- 
p x 1 vector of unknown biases for temperature measurements 
estimate for h7 
q x 1 vector consisting of the first q elements in 6 ,  
estimate for A,, 
@- q )  x 1 vector of the remaining elements of b7 
p x 1 vector of flow measurement errors 
p x 1 vector of temperature measurement errors 
2p x 2p matrix of unknown true values of B 
2p x 1 vector of unknown true values of b 
p x 1 vector of unknown true flow rates 
estimate for pF 
p x 1 vector of unknown true temperatures 
q x  1 vector of unknown true values of r 
q x 1 vector of unknown true values of s 
2 q  x 1 vector consisting of 0’s and Q 
p x p  known variance-covariance matrix of cF 
p x p  known variance-covariance matrix of c7  
q x q known variance-covariance matrix for r 
p x p  known variance-covariance matrix for s 

symbols 
distribution of the sum of products of normal random vari- 
ables 
multivariate q distribution of 3t 
is distributed 
is approximately 

Superscripts 
T = transpose 
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